Abstract: A 2-rainbow domination function of a graph G = (V, E) is a function f mapping each vertex v to a subset of {1, 2} such that
Introduction
Let G = (V, E) be an undirected graph, where V(G) and E(G) are vertex and edge sets of G, respectively. For simplicity, we also use V and E to represent V(G) and E(G), respectively, when the context
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The k-rainbow bondage problem is to investigate the problem of removing the minimum number of edges from a graph such that the k-rainbow domination number is increased. The generalized Petersen graph is a famous class of graphs in graph theory. In this paper, we investigate the 2-rainbow bondage problem on generalized Petersen graphs.
We have published a related paper entitled On the Bondage Number of a Graph in Discrete Mathematics. There are a lot of papers investigating the bondage problem which is the problem of removing the minimum number of edges from a graph such that the domination number is increased. However, since the k-rainbow domination problem is relatively new to the domination problem, it is also interesting to study the k-rainbow bondage problem.
is clear. The degree of a vertex v in a graph G is the number of edges incident with v and is denoted by deg (v) . The minimum degree (respectively, maximum degree) of G is the minimum (respectively, maximum) degree among all vertices in G and is denoted by (G) (respectively, Δ(G)). In Bresȃr, Henning, and Rall (2008) defined the k-rainbow domination number as follows:
Definition 1.1 A k-rainbow domination function (k-RDF for short) of G is a function f mapping each vertex v to a subset of {1, … , k} such that ⋃ u∈N (v) f (u) = {1, … , k} when f (v) = �. The weight of f in G is denoted by w f (G) which is equal to ∑ v∈V(G) �f (v)�. The k-rainbow domination number, denoted by rk (G) , is the smallest w f (G) among all k-rainbow domination functions f of G. If f is a k-RDF with w f (G) = rk (G), then we say that f is a rk -function. The k-rainbow domination problem is to find out rk (G) for a graph G.
In Bresȃr et al. (2008) gave a linear-time algorithm for finding r2 (T) for trees T. Later on, Chang, Wu, and Zhu (2010) proposed a linear-time algorithm for finding rk (T) for k ⩾ 2. Moreover, they also proved that the k-rainbow domination problem is NP-Hard on chordal graphs and bipartite graphs. For more discussions, the reader is referred to Bre s̆ ar and Šumenjak (2007), Bre s̆ ar et al. (2008), Meierling, Sheikholeslami, and Volkmann (2011), Tong, Lin, Yang, and Luo (2009) and Xu (2009), Wang and Wu (2013) .
The generalized Petersen graph P(n, k) is a graph with vertex set {u i , v i :1 ⩽ i ⩽ n} and edge set {u i u i+1 , u i v i , v i v i+k :1 ⩽ i ⩽ n}, where n and k are two relatively prime natural numbers and 1 ⩽ k ⩽ ⌊(n − 1)∕2⌋ (Biggs, 1993; Coxeter, 1950 Coxeter, , 1969 . Note that any operation on the subscript of a vertex is taken modulo n; moreover, if a subscript is equal to 0, then we use n instead. The k-rainbow domination problem is widely studied in generalized Petersen graphs (Bresȃr & Šumenjak, 2007; Tong et al., 2009; Wang & Wu, 2013; Xu, 2009) . In Bresȃr and Šumenjak (2007) Tong et al. (2009) showed that r2 (P(n, 2)) = ⌈ 4n 5 ⌉ if n ≡ 3, 9 (mod 10); otherwise, r2 (P(n, 2)) = ⌈ 4n 5 ⌉ + 1. Xu (2009) 2, 4, 5, 6, 7, 13, 14, 15 (mod 16 ) and x = 1, otherwise. Wang and Wu (2013) proposed a tight upper bound for r2 (P(n, k)) when n ⩾ 4k + 1.
Recently, Dehgardi, Sheikholeslami, and Volkmann (2014) investigated the k-rainbow bondage number in graphs. The definition of the k-rainbow bondage number is as follows: Definition 1.2 The k-rainbow bondage number, denoted by b rk (G) , is the minimum cardinality among all sets
, where G − E � denotes the resulting graph after all edges in
where xyz is a path of length 2 in G. By applying the result above, we can find that b r2 (P(n, 2)) ⩽ 6.
In this paper, we show that, for n ⩾ 15, if n ≡ 3, 9 (mod 10), then b r2 (P(n, 2)) = 2; otherwise, b r2 (P(n, 2)) ⩽ 4.
The rest of this paper is organized as follows. Section 2 introduces some preliminaries. Section 3 investigates the case that b r2 (P(n, 2)) = 2 for n ≡ 3, 9 (mod 10). Section 4 derives the bound b r2 (P(n, 2)) ⩽ 4 for n ⩾ 15.
Preliminaries
Theorem 2.1 (Tong et al., 2009) For P(n, 2), Theorem 2.2 (Dehgardi et al., 2014) Let xyz be a path of length 2 in a graph G. Then Corollary 2.3 For generalized Petersen graph P(n, k), it holds that b r2 (P(n, k)) ⩽ 6.
Proof By the optimal 2-rainbow dominating function f defined in Tong et al. (2009) , there always exist two vertices u i and u i+1 with f (u i ) = f (u i+1 ) = � for some 0 ⩽ i ⩽ n − 1. Similarly, there also exist two vertices u i and v i with f (u i ) = f (v i ) = � and two vertices v i and v i+2 with f (v i ) = f (v i+2 ) = �. By symmetry, this further implies that f is also a 2-rainbow dominating function of G − e.
is an induced subgraph of five consecutive pairs u j and v j for i − 2 ⩽ j ⩽ i + 2 (see Figure 1) . Denote , 2) ). Let n = 10 ⋅ l + m, where l, m ∈ ℕ and m ≡ 1, 3, 5, 7, 9 (mod 10). By Theorem 2.1, we have the following derivation:
By considering all possible values of m, it follows that 4n Corollary 2.6 For P(n, 2) with n ≡ 3, 9 (mod 10), we have 5 r2 (P(n, 2)) ⩽ 4n + 4.
In the following, we investigate some properties of P � (n, 2) and P �� (n, 2). In the rest of this section, we assume that f and g are r2 -functions of P � (n, 2) and P �� (n, 2), respectively, and O = {1, … , n}⧵{ − 5, … , + 5}.
First we consider the case where h(u i ) = �. This implies that at least one vertex
It remains to consider the case that h(
Proof Suppose to the contrary that there exists a B with w f (B ) = 2 for some ∈ O . By Lemma 2.7, it follows that f (u ) = {1, 2} and f (x) = � for all x ∈ B ⧵{u } (see Figure 2 (a)). This further implies that
This results in w f (B −5 ) ⩾ 6 and w f (B +5 ) ⩾ 6. Figure 2 (b) in which a vertex with a cross is in S 2 and a vertex with a circle is in S 3 ). We define a function h as follows. First, set h(x) = f (x) for every vertex x ∈ V(P � (n, 2)). If x ∈ S 1 , then reset h(x) as follows:
This completes the description of function h (see Figure 2(b) ). We claim that h is a 2-RDF of P � (n, 2). To show that h is a 2-RDF of P � (n, 2), we only need to check that all vertices
. After a tedious verification, the claim holds. Notes: The color sets {1}, {2}, and {1, 2} are represented by a cross, a circle, and a circle with a cross, respectively.
Now, we have the following derivation:
This contradicts that f is a r2 -function of P � (n, 2) and the lemma follows. ✷ Lemma 2.9 Let f be a r2 -function of P � (n, 2) with n ⩾ 15. For x ∈ {1, … , − 6} (respectively,
Proof We only prove the case where x ∈ {1, … , − 6}. The other case can be handled similarly. By Lemma 2.7, if w f (B x ) = 3, then f (u x ) can only be equal to either {1, 2} or ∅ and |f (y)| = 1 for all y ∈ N(u x ). Thus, we distinguish the following two cases.
Since f (u x ) = {1, 2} and w f (B x ) = 3, there exists exactly one vertex )) is greater than or equal to 4. Accordingly, Σ i∈O w f (B i ) ⩾ 4 ⋅ |O | = 4(n − 11) and the lemma follows. ✷ Corollary 2.11 For a r2 -function g of P �� (n, 2) with n ⩾ 15, it holds that Σ i∈O w g (B i ) ⩾ 4(n − 11).
Proof Clearly, Lemmas 2.8 and 2.9 can also be applied to g. That is, w g (B i ) > 2 for i ∈ O and if w g (B x ) = 3, then w g (B x−1 ) ⩾ 5 and w g (B x−2 ) ⩾ 5 (respectively, w g (B x+1 ) ⩾ 5 and w g (B x+2 ) ⩾ 5). By using a similar argument as in Lemma 2.10, we have Σ i∈O w g (B i ) ⩾ 4(n − 11). Thus this corollary holds. ✷ Lemma 2.12 Assume that f is a r2 -function of P � (n, 2) with n ⩾ 15. , 2) ), we have the following derivation:
By Lemma 2.10, we have that
, and ∑ 7 x=3 (8 − x)w f (l +x ) with 4(n − 11), − , and + , respectively, in Equation (2), the lemma follows.
Similarly, we have Corollary 2.13. Corollary 2.13 Assume that g is a r2 -function of P �� (n, 2) with n ⩾ 15.
In order to get the smallest value of + (respectively, − ), we have to set the value of w h (l +x ) (respectively, w h (l −x )) for h ∈ {f , g} as smaller as possible when x is closer to 3 (respectively, −3). That is, a smaller value of w h (l +3 ) (respectively, w h (l −3 )) always yields a smaller value of + (respectively, − ). We call this principle the smallest principle. Now we investigate the values of − and + in the following lemmas.
Lemma 2.14 Assume that f and g are r2 -functions of P � (n, 2) and P �� (n, 2), respectively, with n ⩾ 15.
For 1 ⩽ ⩽ n and h ∈ {f , g}, we have
Proof We only prove the bounds of + for h. The bounds of − can be proved similarly. By considering the possible values of h(u +5 ), we distinguish the following three cases.
Case 1: h(u +5 ) = {1, 2}. Figure 4 (a)).
(1) 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + − + 5w f (B ) + + .
(2)
(3) 5 r2 (P �� (n, 2)) ⩾ 4(n − 11) + − + 5w g (B ) + + .
+ ⩾ 6 if h(u +5 ) = {1, 2}, 9 otherwise and − ⩾ 6 if h(u −5 ) = {1, 2}, 9 otherwise.
Case 2: h(u +5 ) = {1} or {2}.
In this case, by the smallest principle, we have w h (l +3 ) = 0, w h (l +4 ) = 1, w h (l +5 ) = 1, w h (l +6 ) = 0, and w h (l +7 ) = 2 (see Figure 4(b) ). Thus
Case 3: h(u +5 ) = �.
In this case, by the smallest principle, we have w h (l +3 ) = 0, w h (l +4 ) = 1, w h (l +5 ) = 1, w h (l +6 ) = 1, and w h (l +7 ) = 0 (see Figure 4 (c)). Thus
This completes the proof. ✷ Lemma 2.15 Assume that f and g are r2 -functions of P � (n, 2) and P �� (n, 2), respectively, with n ⩾ 15.
Proof When h(u +5 ) ≠ {1, 2}, it is easy to verify that this lemma holds by resetting |h(v +2 )| = 1 in the proof of Lemma 2.14. Now we consider the case where
3. b r2 P(n, 2)) = 2 when n = 3, 9 (mod 10)
In this section, we show that b r2 (P(n, 2)) = 2 for n ≡ 3, 9 (mod 10). Our main idea is to show that 5 r2 (P � (n, 2)) > 4n + 4 for n ≡ 3, 9 (mod 10). By Corollary 2.6, this yields b r2 (P(n, 2)) = 2 for n ≡ 3, 9 (mod 10).
Lemma 3.1 If there is a r2 -function h of P � (n, 2) with |h(u )| = 1, then there exists a r2 -function f of
Proof If h is a r2 -function of P � (n, 2) with |h(u )| = 1. By the definition of 2-RDF, it follows that |h(v )| = 1. Let f be the following function:
It is clear that f is also a r2 -function of P � (n, 2). This completes the proof. ✷ Lemma 3.2 Let f be a r2 -function of P � (n, 2) with n ⩾ 15. If w f (B ) ⩽ 7, then − ⩾ 8 and + ⩾ 8.
Proof Since f is a r2 -function of P � (n, 2), it follows that w f (M ∪ {u }) ⩾ 2. This yields
This further implies that w f (L ) < 6 and w f (R ) < 6. By Lemma 2.15, it follows that − ⩾ 8 and 
Proof When |f (u +1 )| = 0, by the smallest principle, the smallest value of + results from setting Figure 6 (a)). Thus + ⩾ 13.
When |f (u +1 )| ≠ 0, by the smallest principle, the smallest value of + results from setting |f (x)| = 1 Figure 6(b) ). Similarly, we can also derive − ⩾ 13 and − ⩾ 12 for |f (u −1 )| = 0 and |f (u −1 )| ≠ 0, respectively. ✷ Lemma 3.5 Let f be a r2 -function of P � (n, 2) with n ⩾ 15. If |f (u )| = 2, w f (l +1 ∪ l +2 ) = 1, and
Proof By the smallest principle, the smallest values of + and − result from setting |f (x)| = 1 for Figure 7 ). This yields − ⩾ 18 and + ⩾ 18. Lemma 3.6 Let f be a r2 -function of
Proof When |f (u +1 )| = 0, by the smallest principle, the smallest value of + results from setting Figure 8 (a)). Thus + ⩾ 13.
When |f (u +1 )| ≠ 0, by the smallest principle, the smallest value of + results from setting |f (x)| = 1 Figure 8 (b)). Thus, + ⩾ 11. Similarly, we can also derive − ⩾ 13 and − ⩾ 11 for |f (u −1 )| = 0 and |f (u −1 )| ≠ 0, respectively. ✷ Lemma 3.7 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) = 3, then b r2 (P(n, 2)) = 2 when n∕ ≡7 (mod 10).
Proof Since w f (B ) = 3, it is not necessary to consider the cases which result in w f (B ) > 3. By Lemma 2.7, we only need to consider the following two cases.
Case 1: |f (u )| = 2.
Since w f (B ) = 3 and |f (u )| = 2, it follows that w f (V(B ) ⧵ l ) ⩽ 1. This further implies that either w f (R ∪ {u +1 }) = 0 and w f (L ∪ {u −1 }) = 1 or w f (R ∪ {u +1 }) = 1 and w f (L ∪ {u −1 }) = 0. Thus, by Lemmas 3.3 and 3.4, we have + + − ⩾ 36. By Equation (1), we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + − + 5w f (B ) + + ⩾ 4(n − 11) + 36 + 5 ⋅ 3 = 4n + 7. By Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 when w f (B ) = 3 and n ≡ 1, 3, 5, 9 (mod 10).
Case 2: |f (u )| = 0 and f (x) ≠ � for all x ∈ N(u ).
In this case, since w f (B ) = 3 and f (x) ≠ � for all x ∈ N(u ), this results in w f (L ) = w f (R ) = 0. By Lemma 3.3, we have − + + ⩾ 18 + 18 = 36. Using a similar argument as in Case 1, we have b r2 (P(n, 2)) = 2 when w f (B ) = 3 and n ≡ 1, 3, 5, 9 (mod 10). This completes the proof. ✷ Lemma 3.8 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) = 4, then b r2 (P(n, 2)) = 2 when n ≡ 3, 5, 9 (mod 10). Proof By Lemma 3.1, we consider the following two cases. Thus, by Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 when n ≡ 3, 5, 9 (mod 10).
For the case where there are exactly two neighbors x of u which are of |f (x)| = 1. We only consider that |f (u +1 )| = |f (v )| = 1. The other case, i.e. |f (u −1 )| = |f (v )| = 1, can be handled similarly. Since f (u −1 ) = �, we assume that |f (v −1 )| = |f (u −2 )| = 1. Since w f (B ) = 4, this results in w f (R ) = 0 and w f (L ) = 2. By Lemmas 2.12, 3.3, and 3.6, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 18 + 5 ⋅ 4 + 13 = 4n + 7.
Thus, by Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 when n∕ ≡7 (mod 10).
Case 2: |f (u )| = 2.
Since w f (B ) = 4, it follows that w f (B − l ) ⩽ 2. We distinguish the following cases.
Case 2.1:
Since w f (l +1 ∪ l +2 ) = 0, by Lemma 2.12, we have + ⩾ 23. By Lemmas 3.3-3.6, − ⩾ min{18, 12, 13} = 12. By Lemma 2.5, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 23 + 5⋅4 + 12 = 4n + 11 < 4n + 7. Thus, by Lemma 2.5 and Proposition 2.4, this yields b r2 (P(n, 2)) = 2 for any n ⩾ 15.
Case 2.2:
Since w f (l −1 ∪ l −2 ) = 1 and w f (l +1 ∪ l +2 ) = 1, by Lemma 3.5, we have that − ⩾ 18 and + ⩾ 18. By Lemmas 2.15 and 3.2, we have the derivation that 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 18 + 5 ⋅ 4 + 18 = 4n + 12 > 4n + 7.
Thus, by Lemma 2.5 and Proposition 2.4, this results in b r2 (P(n, 2)) = 2 for any n ⩾ 15.
Using a similar argument as in Case 2.1, this case holds. This establishes the proof of this lemma. ✷ Lemma 3.9 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) = 5, then b r2 (P(n, 2)) = 2 when n ≡ 3, 9 (mod 10).
Proof By Lemma 3.1, we consider the following two cases. In this subcase, it follows that |R ∪ L | = 2. By Lemmas 3.3-3.6, we have + + − ⩾ min{11 + 18, 12 + 12, 18 + 11} = 24. By Lemma 2.12, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 24 + 5⋅5 = 4n + 5. Thus, by Lemma 2.5 and Proposition 2.4, b r2 (P(n, 2)) = 2 when n ≡ 3, 9 (mod 10).
Case 1.2: Only one
In this subcase, we have |R ∪ L | = 3. By symmetry, we may assume without loss of generality that
. This further implies that |R | ⩽ 1. By Lemmas 2.15, 3.3, and 3.4, we have + + − ⩾ min{8 + 18, 13 + 12} = 25. By Lemma 2.12, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 25 + 5⋅5 = 4n + 6. Thus, by Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 when n ≡ 3, 5, 9 (mod 10).
Since w f (B ) = 5, it follows that w f (B − l ) ⩽ 3. By Lemmas 2.15, 3.3-3.6, we have + + − ⩾ min{8 + 23, 12 + 13, 13 + 12, 23 + 8} = 25. By Lemma 2.12, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 25 + 5 ⋅ 5 = 4n + 6. Thus, by Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 when n ≡ 3, 5, 9 (mod 10). This completes the proof. ✷ Lemma 3.10 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) = 6, then b r2 (P(n, 2)) ⩽ 2 when n ≡ 3, 5, 9 (mod 10).
Proof By Lemma 3.1, we consider the following two cases.
Case 1: |f (u )| = 0.
Similar to Case 1 in Lemma 3.9, we distinguish two subcases as follows.
Case 1.1: All x ∈ N(u ) are of |f (x)| = 1.
Since w f (B ) − w f (M ∪ {u }) = 3, by Lemmas 2.15, 3.3-3.6, we have + + − ⩾ min{8 + 18, 11 + 12, 12 + 11, 18 + 8} = 23. By Lemma 2.12, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 23 + 5 ⋅ 6 = 4n + 9. Thus, by Proposition 2.4 and Lemma 2.5, we have b r2 (P(n, 2)) = 2 for all n ⩾ 15.
Case 1.2:
Only one x ∈ N(u ) is of |f (x)| = 0.
Using a similar argument as in Case 1.2 of Lemma 3.9, we have + + − ⩾ min{8 + 23, 8 + 13, 11 + 13, 12 + 8, 18 + 8} = 20. Thus 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 20 + 5 ⋅ 6 = 4n + 6 and b r2 (P(n, 2)) = 2 when n ≡ 3, 5, 9 (mod 10).
Since w f (B ) = 6, it follows that w f (B − l ) ⩽ 4. Using a similar argument as above, we have + + − ⩾ min{8 + 23, 8 + 13, 12 + 12, 13 + 8, 23 + 8} = 21. Thus 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 21 + 5⋅6 = 4n + 7 and b r2 (P(n, 2)) = 2 when n ∕ ≡ 7 (mod 10). This completes the proof. ✷ Lemma 3.11 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) = 7, then b r2 (P(n, 2)) = 2 when n ∕ ≡ 7 (mod 10).
Proof By Lemma 2.15, we have + ⩾ 8 and − ⩾ 8. By Lemmas 2.12 and 3.2, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 16 + 5 ⋅ 7 = 4n + 7. By Proposition 2.4 and Lemma 2.5, this results in b r2 (P(n, 2)) = 2 when n ∕ ≡ 7 (mod 10). This completes the proof. ✷ Lemma 3.12 If there exists a r2 -function f of P � (n, 2) with n ⩾ 15 and w f (B ) ⩾ 8, then b r2 (P(n, 2)) = 2.
Proof By Lemmas 2.12 and 2.14, we have 5 r2 (P � (n, 2)) ⩾ 4(n − 11) + 12 + 5⋅8 = 4n + 8. By Proposition 2.4 and Lemma 2.5, this results in b r2 (P(n, 2)) = 2 for all n ⩾ 15 and the lemma follows. ✷ By Lemmas 3.7-3.12, we summarize our results in this section as the following theorem.
Theorem 3.13 When n ⩾ 15 and n ≡ 3, 9 (mod 10), we have b r2 (P(n, 2)) = 2.
